In a recent paper (Hill 1938) the shortening of an isolated muscle against a constant force was shown to obey the characteristic equation (P + a) (v + 6) = a constant = (P0 + a) b, where P is force, v is velocity of shortening, P0 is the full isometric tension and a and 6 are constants. In frog's muscle a/P0 was found to be about 4, and b (at 0° C) about one-third of the muscle length per second with a tem perature coefficient of about 2 per 10° C. The theory was applied (Hill 19396) in a study of the mechanical efficiency (work/total energy) of frog's muscle shortening at various speeds. On human muscles there are not, to my knowledge, any experimental facts by which the characteristic equation can be directly tested and the constants determined. It is possible, however, to use the rather accurate results obtained with the inertia wheel (Hill 1922; Lupton 1922; Hill, Long and Lupton 1924) for an indirect test and an approximate calculation of the constants. The characteristic equation must then be modified as follows to meet the case of a constant mass instead of a constant load.
In a recent paper (Hill 1938 ) the shortening of an isolated muscle against a constant force was shown to obey the characteristic equation (P + a) (v + 6) = a constant = (P0 + a) b,
where P is force, v is velocity of shortening, P0 is the full isometric tension and a and 6 are constants. In frog's muscle a/P0 was found to be about 4, and b (at 0° C) about one-third of the muscle length per second with a tem perature coefficient of about 2 per 10° C. The theory was applied (Hill 19396) in a study of the mechanical efficiency (work/total energy) of frog's muscle shortening at various speeds. On human muscles there are not, to my knowledge, any experimental facts by which the characteristic equation can be directly tested and the constants determined. It is possible, however, to use the rather accurate results obtained with the inertia wheel (Hill 1922; Lupton 1922; Hill, Long and Lupton 1924) for an indirect test and an approximate calculation of the constants. The characteristic equation must then be modified as follows to meet the case of a constant mass instead of a constant load.
We make certain simplifying assumptions:
(i) That the maximum force which can be exerted by the arm on the string running from the hand to the pulley is constant (= P0) at all angles of flexion of the arm. That this is approximately the case is shown by the curves of figure 3 in the paper by Hansen and Lindhard (1923) .
(ii) That the line of the string remains sensibly parallel to the muscles of the arm (i.e. horizontal) throughout the shortening: this will be true if the string is long enough.
(iii) That as the muscles shorten the horizontal component of the move ment of the hand is proportional to the amount of shortening of the muscles.
(iv) That the velocity of the hand and its constant 6 are greater than those of the muscles in that proportion; while (v) The horizontal force exerted by the hand and its a are less than those of the muscles in the same proportion.
impossible to express in manageable mathematical form. We will assume therefore that in the characteristic equation P, P0 and a are 1 jn of those of the muscles; while v and b are n times those of the muscles. Thus the identical equation applies and the constant is the same for the arm pulling the string as for the muscles.
Let x be the horizontal distance through which the string is pulled. Then if M be the " equivalent m ass" of the wheel (see Hill 1922), (1)
Mx
In this equation, relating the final velocity to the mass pulled, the velocity u is expressed as a fraction of the maximum velocity be of the unloaded muscle. The work done on the wheel is \M x2, the maximum work which wrould be done (disregarding fatigue) at very low speed is P0x. From this the work Wcan be expressed as a fraction w of the maximum work W0 as follows:
From (2) and (3) the time for shortening the distance x is
The numbers in table 1 are calculated from equations (3), (4) and (5) for c = P0/a = 4, the mean value found by Hill (1938) for frog's muscle. Similar calculations have been made for c = 2, 3 and 5. I t is desired to fit the calculation to the experimental data. For this purpose w is plotted against log Ma nd the distance by which the theoretical curve has to be shifted to make it coincide with the observed points gives logax/62. The best experimental results relating work W to mass M are those of Lupton (1922, tables 2 and 4, mean of 9 experiments). These, as corrected for the slight effect of fatigue in the longer pulls by Hill et al. (1924) , are given in table 2(a). Lupton records th at the observed mean length of pull was 61 cm.: x therefore has been taken as the round figure of 60 cm.
For greater accuracy a correction is necessary for the equivalent mass and the kinetic energy of the forearm of the subject. The original subject is not at present available, but my own arm must be so similar to his th at no important error can result from using measurements with mine. It is shown below that the moment of inertia of the forearm must have added about 0-45 kg. to the equivalent mass, and so the total kinetic energy must have been greater than th at of the wheel alone by a fraction 0-45\M of the latter. These corrections have been applied in table 2(6).
Over the range of equivalent masses examined by Hill and by Lupton a sufficiently close agreement was found with the formula 18-2 W/W0 = 1 where W0 was a constant supposed to represent the maximum work and k another constant supposed to represent the " viscosity" of the muscle. The simple " viscosity" theory is now known (Hill 1938) not to be valid, and Hansen and Lindhard already in 1923 had found an inconsistency in the relation. According to them the value of the maximum work deduced from a length-tension diagram, made by measuring the maximum force capable of being exerted at each stage of a pull, is considerably greater than W0 obtained by fitting the formula W/W0 = 1 -k/t to the uncorrected results with the wheel. In the two experiments quoted by Hansen and Lindhard the excess is roughly 15% (Hill; Appendix to Lupton 1923). The divergence of the experimental points from the curve WjWQ = 1 clearly occurs only at very low speeds, i.e. at very large masses beyond the range of the wheel. The value of W0 calculated by Lupton from his uncorrected results was 10-96 kg.m. We will take 13-0 kg.m., a round figure 18-6% greater, in agreement with Hansen and Lindhard. The distance pulled x being 60 cm. and the maximum work being P0x, P0x = 13-0 and P0 = 21-67 kg. wt. Thus of the four constants available for fitting the experimental results of table 2(6) to the theoretical relation (table 1) between w and M, three have been chosen on independent evidence: (i) P0 = 21-67 kg. wt. = 21-67gr absolute units; (ii) a =7^/4 = 5-417 kg. wt. = 5-417^ absolute units; (iii) # = 60 cm.
We are left therefore with b available to help us to fit the equations. Some independent evidence of the value of b is given below, from the maximum speed of the unloaded arm. This, however, is not sufficiently exact for calculation, and is confirmatory only; and in table 3 from which figure 2 is constructed b is taken as 202-6 cm./sec. Thus a#/62 = 7-77, xjb = 0-2961 and the constant of the characteristic equation is 5487gr absolute units (kg. cm. sec.).
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T a b l e 3. G e n e r a l r e s u l t s o f t a b l e 1 c a lc u l a t ed f o r t h e s p e c ia l In the upper curve of figure 2 wi s plotted against fM from observed points (table 2(6)) are given as hollow circles. The agreement is satisfactory. It is clear th at by choosing a suitable value of 6 a close fit can be obtained. The chief purpose of using <JM instead of M is to show the curve in more manageable form, to expand the scale at small and to contract it at great values.
In figure 2 the solid circles represent the results of table 2 (c), the mean of eight experiments by Lupton on another subject, similarly corrected for fatigue and for the mass of the forearm. With PJa = 4, identically the same value of 6 is required. For this subject W0 calculated from the equation W/W0 = 1 -k / t was 10-54 kg.m., so the maximum work P0# has been taken as 12-5 kg.m. which is 18-5 % greater. In the other subject it was 13-0 kg.m.
Since x was the same as in the other subject (60 cm.), P0, and therefore a, is 4 % less in the second subject than in the first. For a given final velocity equation (3) shows th at M varies as a. Thus the theoretical curve for the second subject should have been plotted against a value of M which is 4 %, or a value of which is 2 %, less than for the first subject. To avoid plotting two curves it was simpler to multiply the observed *JM by 1-02 before plotting: this has the same effect and avoids overlapping between the plots of the two experiments. We see th at the second experiment fits the theoretical curve even better than the first one. C urve w, th e o re tic a l relation, (tab le 3) b etw e en re la tiv e w o rk w = W /W 0 a n d m ass p ulled. H ollow circles, ta b le 2 (6). Solid circles, ta b le 2(c). Scale on left.
C urve t, th e o re tic a l re la tio n b etw e en tim e a n d m ass. + , ta b le 2(6). x , ta b le 2(c). Scale on rig h t.
The other curve of figure 2, which is very nearly a straight line, represents t plotted against *JM (table 3) and the crosses are the observed times (table 2(6) + ; table 2(c) x ). A curious fact emerges, viz. th at all the ob served points in the first experiment (+ ) are too high and by nearly the same amount, 0-09 sec.: in the second experiment ( x ) all but the last two points are too high by a mean amount 0-05 sec. I t seems most likely that in Lupton's experiments the method of measuring the times had a consistent error, making them 0-09 sec. too long for the first subject, 0-05 sec. too long for the second. The beginning of the movement occurred at the quick release of the wheel which opened a short circuit of the magnet recording the tim e: at the end of the movement the arm of the subject knocked down a lever which short-circuited the magnet again. The closing of the short circuit at the end may have occupied a finite time depending on the manner in which the arm of the subject hit the lever.
The relation between w and a JM in figure 2 shows very well the effect noted by Hansen and Lindhard, viz. th at the maximum work can be obtained only by pulling enormous masses, altogether beyond the practical range: and the time occupied would be so great th at fatigue would set in and considerably affect the result. W ith an equivalent mass of 500 kg. (half a ton) the work is still about 22 % short of the maximum. The reason is that the relation between velocity of shortening and force exerted (see Hill 1938, figure 12, p. 177) comes down very slowly to the force axis, so that even at very low velocities the force exerted is appreciably less than the maximum. The " viscosity" theory of muscle gives no explanation of this.
The m om ent o f inertia of the forearm . T he m o m e n t o f in e rtia w as fo u n d b y tim in g th e free oscillation of th e fo re arm h an g in g v ertically , th e u p p e r a rm restin g h o ri zo n tally on th e corner of a ta b le w ith th e fro n t side do w n w ard s. L e t M be th e m ass of th e forearm , M k 2 its m o m e n t o f in e rtia , h th e d istan c e o f its ce n tre o f g ra v ity from th e jo in t, a n d T th e p erio d of its free oscillation. T h en
T = 27T^J(Mk2/M hg).
W ith a little p rac tice th e a rm could be m a in ta in e d in a g en tle free o scillation w ith o u t in terferin g w ith its n a tu ra l period, as is show n b y th e v e ry c o n siste n t resu lts. T he tim e for 20 oscillations w as ta k e n b y a sto p w a tc h rea d in g to 0*02 sec., a n 
I t is now necessary to know M h .
A pencil w as held in th e closed h a n d , in th e sam e a ttitu d e as th e h an d le u sed w ith th e in e rtia w heel, a n d its p o in t pressed ag a in st a p lan e surface. T he fo rearm w as rev o lv ed a n d a circle tra c e d on th e surface. T he rad iu s l of th is circle w as m e asu red a n d a n u m b e r o f co n siste n t m e asu rem en ts gave a m ean of 35 cm. W ith th e u p p e r a rm su p p o rte d v ertically , th e fo rearm w as now w eighed: it reste d freely a n d h o rizo n tally on a balan ce, th e lo ad being ta k e n b y a m a tc h box or o th e r su itab le su p p o rt placed im m ed ia te ly below th e pencil referred to above. I f m be th e balan cin g w eight in th e p a n , ta k in g m o m en ts a b o u t th e jo in t, If the arm is revolving with velocity v at the handle, distant l from the joint, its kinetic energy is \M k \v jl)2 = 2. Its at the handle is Mk2) l 2. In the above example the equivalen 277/352 = 0-226 kg. With the inertia wheel, however, the pull finished with the arm flexed through 135°. The pull, therefore, was 35 + 35/^2 = 60 cm. If the velocity of the string off the pulley, i.e. the horizontal velocity of the handle, was v, the total velocity of the handle was v*j2, so that the kinetic energy would be |0-226(vA /2)2= |0-45v2. Thus, for the whole pull, the kinetic energy of the arm itself can be allowed for by assuming it to have an equivalent mass of 0-45 kg., which must be added on to th at of the wheel.
The maximum velocity of the arm. According to the characteristic equation the unloaded muscle would shorten with velocity ; which if P0/a = 4 is 46, or in the present instance 810 cm./sec. I t is not possible, however, even apart from friction in joint and tissues, to unload the muscle com pletely, because of the mass of the limb itself: an approximate allowance, however, can be made for the latter.
A simple method was used to find the maximum unloaded velocity, viz. to see how high a small mass attached by a string to the handle would rise when the arm was suddenly flexed as with the wheel. The upper arm was supported horizontally, biceps upwards (see Hill 1922, figure 1, p. 22) and a string went horizontally to a small light pulley some distance away in a wall. From there the string went over a pulley in the ceiling, and then dropped to near the ground. At the end of the string was a small weight, and behind it a vertical scale marked clearly on a board with white paint.
First the arm was bent slowly to its full extent, and the position of the weight noted. Then it was flexed as rapidly as possible and the maximum height above th at position to which the weight was thrown was read on the scale. Observation was very easy: the only difficulty, and that was chiefly subjective, was to ensure that, with these very quick movements, no other movement than a pure flexion of the arm occurred; and yet th at no restraint was exerted by antagonist muscles. W ith practice very consistent readings were obtained as the following results show. The pulleys were small and light and the string light, to avoid any effect of the kinetic energy of these in carrying the weight too high. Even with these small weights the height of throw is appreciably less with the larger weight-as it should be according to theory. It is not practicable experimentally to use a very small weight (e.g. a few grams), since the string interferes with it too much during the throw. It is better therefore to use two slightly larger weights, and to extrapolate back linearly to zero weight. If this be done the first experiment gives 169-5 cm., the second 170-5 cm., mean 170 cm., as the height of throw of a very small weight. This corresponds to a velocity v = *J(2g x 170) = 577 cm./sec. This is the maximum velocity parallel to the active muscles with which the hand can move at a distance 35 cm. from the elbow joint.
Only a rough correction can be made for the mass of the forearm itself, to find what effect it has on the maximum velocity. The equivalent mass of the arm being 0-45 kg. and the handle and string being 0-03 kg., the total is 0-48 kg. The subject of the present experiments is not now as strong as the subject of Lupton's in 1923. The previous subject would probably have given the same final velocity to a mass about 4/3 times as great, i.e. to 0-64 kg. If v in table 3 is interpolated for = 0-64 kg., we find v = 660 cm./sec. This is rather higher than the observed vahie 577 cm./sec.: considering, however, the number of assumptions and approximations made in the calculation, the agreement is not unsatisfactory. I t is clear th at the maxi mum velocity is of the order of size predicted by the theory.
The mechanical efficiency. According to Hill (19396, p. 436 ) the maximum efficiency is determined by two constants, and K/P0, where and k represents the energy required per second to maintain a contraction. For a maximum efficiency of 25 % over the whole oxidative cycle, the maximum initial efficiency is 50 %, assuming th at the ratio of total energy to initial energy is 2 as in frog's muscle (Hill 1939a) . If ajPQ = \, a 50 % maximum efficiency would require that 0T7 (Hill 19396, equation (6)), and would be attained at a speed of shortening v/b = 0-585 (equation (5)). For 6 = 202-6 cm./sec., therefore, the optimum speed would be 120 cm./sec. Thus the most efficient time for completing a single flexion of the arm of maximum extent (60 cm.) would be 0-5 sec., for a movement of smaller extent correspondingly less. According to Lupton (1923) the optimum duration of a single step up a staircase is about 1 sec., and Dickinson (1929) found about the same optimum duration of a single leg movement on a bicycle ergometer. It would seem very likely on general dimensional reasoning that the optimum speed of the muscles of a small limb like the arm would have been adjusted in a well-designed animal to be greater than that of a large limb like the leg (cf. Furusawa, Hill and Parkinson 1927) . We should expect 6 to be less, when expressed as a fraction of the muscle's length or of its amplitude of movement, in the muscles of a large limb or of a large animal than in those of a small. Cooper and Eccles (1930) certainly found in the cat th at the extensor digitorum longus and the internal rectus of the eye contracted much more quickly than the soleus and gastrocnemius.
The absolute value of P0/a. The good fit of the curve to the observed points in figure 2 does not prove the correctness of the assumption that PJa = 4t, as in frog's muscle. If we had taken P 0/a = 5 instead of 4, very nearly as good a fit would have been obtained with = 190 cm./sec.: with P0/a = 3, the fit would have been quite as good with 6 = 218 cm./sec. To find P0/a experimentally it is necessary to find P0 (which is easy) and to vary the speed of shortening over the widest possible range. This cannot be done with the wheel: it is best done in isotonic contractions with widely different loads.
I t is unlikely, however, th a t P fa is far different from 4. The maximum speed of shortening (unloaded, and neglecting the mass of the arm) is P0b/a. For P0/a = 3 this would be 654 cm./sec., which is probably a little too low, seeing th at the observed value, not neglecting the mass of the arm, is 577 cm./sec. ForP0/a = 5 it would be 950 cm./sec., which is almost certainly too high. So far therefore as this evidence goes the most likely value of P0/a would seem to be between 3 and 4.
The absolute value o f 6. I t seems fairly certain th at the absolu for the muscles of the human arm is of the order of 200 cm./sec., reckoned of course at the hand and not at the insertion of the muscles themselves. I t was pointed out above th a t for P0/a = 5 and 3 good fits can be obtained with 6= 190 and 218 cm./sec. respectively. Even for P0/« = 2 a good fit is found for 6 = 218 cm./sec., if W0 be taken as 12-7 kg.m. instead of 13.
In frog's muscle at 0° C the value of 6 is about one-third of the muscle's length per second, increasing about twofold for a rise of temperature of 10° C. The time for a complete flexion of the arm (60 cm.) at speed 6 = 200 cm./sec. is 0-3 sec. If in such a flexion the muscles shorten threetenths of their length, the value of 6 is muscle length per second, about the same as in a frog's sartorius at 16° C.
I t would be very interesting to determine the value of 6 in other human muscles in terms of muscle length per second.
The 'possibility of reflex inhibition during rapid movement. In 1931 Fenn, Brody and Petrilli published an account of experiments on the relation in man between muscular force and speed of shortening. The force exerted when the limb was held fast was measured, and the acceleration was deter mined after a quick release. The acceleration measured the force exerted, and so the force was determined as the velocity increased. Fenn found a considerably smaller coefficient of " viscosity" than did Hill and Lupton in their experiments, i.e. less effect of velocity on the force exerted. He states that the maximum duration of the period of measurement was 0-016 sec. The object of confining the observations to so short a time was to avoid the possibility of reflex inhibition setting in and affecting the force exerted by the muscles. The possibility of such reflex inhibition had already been suggested by Hill (Lupton 1923, Appendix, p. 353) as an explanation of the fact that 11q calculated from the equation W/W0 = 1 was less than the maximum work determined by Hansen and Lindhard.
Fenn concluded that the falling off of force with increase of speed in Hill's and Lupton's experiments was too great, and suggested th at this might be due to the reflex inhibition which he had avoided. Now a muscle (Hill 1938) consists of two components in series, a contractile and an elastic one. During an isometric contraction the former stretches the latter: on quick release the latter shortens rapidly without sensible " viscosity " , the former more slowly according to the characteristic equation. In the very early stages therefore, as in Fenn's experiments, the acceleration is determined largely by the properties of the elastic component and not by those of the contractile muscle. The process is very clearly illustrated in the curves given by Hill (19396, figure 3, p. 441) for the tension exerted as a function of length at various speeds of shortening. At the higher speeds the drop in tension on release occurs gradually, not instantly as it would with the contractile component alone, until it reaches a value characteristic of the speed. Only when the shortening of the elastic element is complete does the characteristic force of the muscle at th at speed occur. Thus Fenn's experiments, it is seen now, provide no evidence on the rela tion between force and speed in the contractile component of the muscle. His objection, therefore, to the greater effect of speed on force found in Hill's and Lupton's experiments does not hold. The difficulty raised by Hansen and Lindhard has been resolved by applying the characteristic equation instead of the " viscosity" theory. There seems, therefore, to be no reason for not accepting the values obtained with the wheel as truly representative of muscle contracting maximally at various speeds.
Co n c l u s io n
It is very desirable th at the simple relation between velocity v and force P in isotonic contraction of human muscle should be determined directly with adequate apparatus over a wide enough range of force and a. v. mu speed. This would allow a proper measurement to be made of the dynamic constants a, b and a/P0 in various muscles. If, further, a direct dete could be made of the other constant representing the cost of maintaining a contraction, it would be most valuable. Is approximately equal to a ba s it is in frog's muscle ? There is no possibility at present of my being able to undertake these measurements. The approximate calculations, therefore, and the simple experiments described above are published now, to show th at the theory can account adequately for such facts as are known, for human muscle, on the relation between force and speed, and in the hope th at perhaps others may be able to make the further experiments proposed.
S u m m a r y
The characteristic equation of muscle is modified to meet the case of a constant mass accelerated instead of a constant force overcome at uniform speed.
The theory is compared with experimental results obtained on human arm muscles with an inertia wheel. The agreement is good.
The value of the dynamic constant b is deduced. Its order of size is muscle length per second. P0/a cannot be very far from 4, its mean value in frog's muscle.
The maximum speed of shortening (unloaded) is determined experi mentally. This is of the order of size P0b/a deduced from theory.
The mechanical efficiency, the optimum speed, the possibility of reflex inhibition during rapid shortening and some proposals for further research are discussed. F u ru sa w a , K ., H ill, A. V. a n d P a rk in so n , J . L . 
